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Second Order Runge-Kutta Method

z_g — f(x,y) with the initial condition: y(x,) = y,
The general form of second-order Runge-Kutta methods is:

YVit1 = Vit (1 Ky +c,K5)h
con:
K, = f(xi: yi)
K, = f(x;+ayh, y;+by K h)

where c,, C,, 8, , and b,, are constants. The values of these
constants vary with the specific second-order method.



Modified Euler method in the form of a second-
order Runge-Kutta method

For the modified Euler method, the constants are:

c]=l, cz=l a, =1, and by =1

2 2’
Substituting these constants yields:

1
Viv1 = YT E(Kl + Ky)h

Kl = f(xia yz)
K, = f(x;+h,y,+Kh)



Midpoint method in the form of a second-order
Runge-Kutta method

For the midpoint method, the constants are:

1 1

= 0, =1, = -, and b, = =

€1 ) as 5 21 ~ 5
Substituting these constants yields:

Yis1 = Vit Kyh
K, = f(x; )

1 1
K, = (x.Jr—h, .+ =K h)
2 f 1l 2 yl 2 ]



Heun's method

In Heun's method the constants are:

_ _ 3
c,p = CZ—Z,

a, = %, and b, =

wino

1
4 2
Substituting these constants yields:

1 3
a1 yf+(ZKl +£‘1K2)h

K, = f(x5 )

Ky,=171 (x,-+§h, J’i+§K1h)



Example 1

Second Order Runge-Kutta Method in form of modified Euler

Problem: h— 001
X
Use RK2 to find y(1.01), y(1.02) Xo =1 Yo=—-4

Yi+1 = J’i+%(K1 + Ky)h Kl N f(xi’ yi)
K, = f(x;+h,y,+Kh)
Step1:
Kl = f (Xo’ yo) = (1+ y02 + Xos) =18.0
K, = f(x,+h,y,+Kh)=(1+(y, +0.18)" + (X, +.01)°) =16.92

Y, =Y, +g(|<1 +K,)=—4+ 0'701 (18+16.92) = —3.8254



Example 1

Second Order Runge-Kutta Method: Modified Euler

Problem: h=0.01
%=1+YZ+X3, y(1)=-4 f(xy)=1+y*+x°

X
Use RK2 to find y(1.01), y(1.02) X =1.01 'y, =-3.8254

Step 2.
Ki= (X, y) =1+ y12 T X13) =16.66
K,= f(x +h,y,+Kh)=1+(y, +0.1666)° +(x, +.01)%) =15.45

Y, =Y, +2(K1 +K,)= —3.8254+O'701(16.66+15.45) = -3.6648



Example 1

Summary of the solution

Problem:

ﬁ:1+ y*+ x5,

dx

y(@) =4

Use RK2 to find y(1.01), y(1.02)

Summary of the solution

| X; Yi

0| 100 —4.0000
1| 101 —3.8254
2 102 —3.6648




Numerically Solving ODE in Matlab

Problem:
dy
dx

Using Euler modified with h=0.01, 0.02 y 0.5

=1+y°+x°,  y()=-4, over theinterval[1,2].

Ky = f(x:9)

1
Yiv1 = Vit (K +Ky)h
2 K, = f(x;+h,y,+ K.h)

 Step 1: Create a M-file for dy/dx as firstode.m

yprime=firstode(X,y);
yprime=1+y"2+x"3;



Step 2: Create a M-file to implement Euler modified. The Matlab program must
return two column vectors, the first with values of x and the second with value of y.

function [ %,y ]=odeRKZEulerModified(ODE,a,b,h,yini)

o o® al® 0@ G Gl® o ol ol

Variables de entrada:

ODE: Nombre para la funcidn que
a: Primer wvalor del interwvalo de
b: Ultimo valor del intervalo de
h: Tamafic de paso.

yini: valor inicial.

De wvariables de salida:

®x: Un vector con las coordenadas
yv: Un vector con las coordenadas

calcula dy/d=x=.

solucion .

solucion .

¥ de
y de

x(1l) = ar y(l)=yini;
n = (b-a)/h:
for 1 = 1:n
®x(i+1l)=x (i) +h;
Kl = OQDE(x(i),vy(1)):
xh = x(1i) + h:
vK1 = y (i) + Kl*h;
K2 = ODE (xh, yK1) ;
v (1 + 1) =y (i) + (K1+K)*h*0.5;
end

end

la solucidn.

la solucidn.



Step 3: At the Matlab command window

>>a=1,b=2;

>>h1l = 0.01; yini = -4;
>> [X1,Y1 ]=odeRK2EulerModified(@firstode,a,b,h1,yini);
>> hl =0.02;

>> [X2,Y2 ]:odeRK2Eu_l_9r|\/|ndified(@fir_qtnrleahh?viDni\'

4 Figure T - X
>> hl — 05, e et Vew e To_Desop Windon
>> [X3,Y3 ]:OdeRKZEL—' TTUNLCC LT PELE T
>> plOt(X1 ,Y1 ,U*r',XZ,YZ 5 I I I I ;
>> fprintf(%4.2f %4.6f" ;
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Runge-Kutta Methods

Third Order Runge Kutta (RK3)
K, = f (Xw Yi)

1 1
K,=f(x+=h,y.+=K,h
2 (I 2 yl 2 1)

y(X+h) = y(x)+%(K1 +4K, +K,)



Problem
Consider the following first-order ODE:

%z%O.Stz from =2 tot=5 with y(2) = 4

(a) Solve with the Heun's method using h = 0.5, 1.
(b) Solve with the classical third-order Runge-Kutta method
using h=1.

The analytical solution of the ODE is:

y = - %3 + 3t
In each part, calculate the error between the true solution and the
numerical solution at the points where the numerical solution is
determined.



Classical Fourth-Order Runge-
Kutta Method

The most popular RK methods are fourth-order, and
the most commonly used form is:

Vi =, +%(I’c1 +2k, +2k, +k4)h
where:

klzf(;i:yi)
1 1

k,=flt.+—hy+—kh

2 f\l 2 yl 2 1 j

k —f/t Ll hy ik hj
3= \i ) N 52
ky=f(t,+hy +kh)




Exercise

Solving by hand a first-order ODE using the fourth-order
Runge-Kutta method.

g-z = — 1.2y+7e_0'3x from x = 0to x = 2.5 with the initial condition y = 3 at x = 0.
X

Using h = 0.5.
Solution:
The first point of the solution is (0,3), which is the point where the initial

condition is given. The values of x and y at the first point are x,=0 and y,=3.
The rest of the solution is done in steps. In each step the next value of the

Independent variable is calculated by:

X;11 = X+ h = x;,+0.5



The value of the dependent variable Y;,, is calculated by first
evaluating K1, K2, K3 and K4 using:

Ky = f(xs0)
1 1
K= (.+—h, + 2K h)
2 f xl 2 yl 2 1

1 1
K, = (.+-h, + =K h)
3 f xl 2 yl 2 2

Ky = f(xith,y;+ K3h)

And then substituting the Ks:

Yiv1 = Wit é(Kl +2K,+2K5+ Ky)h

First step: In the first step 1 =1



X, = x,+05 =0+0.5 = 0.5
K, =-12y,+7e %% = _12.3+7¢03:0 = 34

x1+%h = o+%-o.5 = 025 y1+%K1h - 3+%-3.4-o.5 ~ 3.85

1
K, = - l-z(yl N %th) 27003 ) _ 1) 38547003025 = 1874

y +iK,h = 3+1.1.874.05 = 3.469

2
1 —0.3(xl+lh) 530
Ky = —12(y1 + 3Kzh) +7e 2") = _1.2.3.469 + 7¢-03-025 = 233]

N

y1 +K3h = 3+2331-0.5 = 4.166

K, =—-12(y; +Kzh) + 7€ *D = _12.4.166 + 7e93:05 = 1,026

Yy = y1+é(K1+2K2+2K3+K4)h ~ 3+é(3.4+2- 1.874 +2-2.331 + 1.026) - 0.5 = 4.069

At the end of the first step: x, = 0.5, y, = 4.069

Second step: In the second step 1 = 2



X3 = x,+05 =05+05 = 1.0

K, = —12y,+7e%3% = —1.2.4.069 + 7¢03:05 = 1,142

w+ln=05+1.05=075 y,+1kh=4069+11.142.05 = 4355
22 7 it 2

03(e,+ 1
K, =~ I-Z(J/ﬁ%th) £ 7603007 L 15 4355 47,0305 — 03636

y2+%K2h — 4.069 + % .0.3636 - 0.5 = 4.16

1
Ky = ‘1-2(yz+%l<2h) 47603025 _ 5 4164703075 = 0.5976
y,+ Kih = 4.069 +0.5976 - 0.5 = 4.368
K, = —12(y,+K3h) +7e PR M = _12.4368+ 70310 = _0.0559
Y3 = ypt é(Kl +2K,+ 2K+ K,)h = 4.069 + é[1.14z +2.0.3636 +2 - 0.5976 + (=0.0559)] - 0.5 = 4.32

At the end of the second step: x; = 1.0, y; = 4.32

Third step: In the third step 1 = 3



X4 = %3+05 = 1.0+0.5 = 1.5
K, =-12y,+7¢ %% = —1.2.4.32 4 7¢03-10 = 0,001728

x3+%h = 1.o+%.o.5 ~ 1.25 y3+%K1h = 4.32+%-0.001728-0.5 = 4320

1
0.3(x,+1
X3 3

K, = —1.2(y3+%K1h) +7e Y Z 1243247603125 = _0373

s+ %th = 432+ % .(~0.373)- 0.5 = 4.227

1
K; = - 1_2(};3 + %th) i 7e_0'3(x3+§h) = _12-4227+7e903-125 = _02614

y3+ Ksh = 432+ (-0.2614) - 0.5 = 4.189

K, = —12(y;+K3h) +7e35%h = _12.4189+ 70315 = _0.5634
e y3+é(Kl +2K,+2K,+ K,)h=432+ é[0.001728 +2-(~0.373) +2:(=0.2614) + (-0.5634)] - 0.5 = 4.167

At the end of the third step: x, = 1.5, y, = 4.167

4.5
i 1 2 3 4
X; 0.0 0.5 1.0 15 4t
y; (numerical) 3.0 4.069 432 4.167 >
3.5¢ # Numerical |
— Exact
: 0:5 l 1.5



Problem

Write a user-defined MATLAB function that solves a first-order
ODE using the classical fourth order Runge-Kutta method.

gz = 1.2y+7e_0‘3x from x = 0to x = 2.5 with the initial condition y = 3 at x = 0.
X

Compare the results with the exact (analytical) solution: y = %Oe—o-—”x - %e—l-”.

Using h=0.05.
Solution

To solve the problem, a user-defined MATLAB function called odeRK4, which solves a
first-order initial value ODE, is written. The function is then used in a script file, which
also generates a plot that shows a comparison between the numerical and the exact
solutions. The ODE itself is written in a separate user-defined function that is used by the
odeRK4 function.



odeRK4m | ODERym | + |

Efﬂnction [ x,v ]=o0deRK4 (ODE, a,b,h,yini)
- Variables de entrada:

ol@

ODE: Nombre para la funcién que calcula dy/dx.
a: Primer wvalor del intervalo de solucion x.

b: Ultimo wvalor del intervalo de solucion x.

h: Tamafio de paso.

yini: wvalor inicial.

De variables de salida:

®x: Un wvector con las ccordenadas x de la solucidn.

o o\® G® Q@ g® ol® o® ol

y: Un vector con las coordenadas y de la solucidn.
- 2 (1) = ar y(l)=yini;

- x(i+1l)=x (1) +hs

— Kl = ODE(x(1),v(1i)):

— xhalf = x(1) + h/2:

- yK1 = y(1) + K1*h/2;

— K2 = ODE (xhalf,yKl):

- yK2 = y (i) + K2*h/2;

— K3 = ODE (xhalf,yK2):;

- yvK3 = y(1) + K3*h;

- K4 = ODE(x (i + 1),vyK3):
- v (1 + 1) =y (1) + (K1+ 2*K2 + 2*K3 + K4) *h/6;
— end

- -end



Funcion ODEFxy

odeRK4.m CDEFxy.m +

function dydx = ODEFxzy(x,V)
SUNTITLEDZ Summary of this function goes here

% Detailed explanation goes here
dydx=-1.2*y+T*exp (-0.3%x) ;
end
TFigure1
File Edit View Insert Tools Desktop Window Help
At tge Matlab Command Ddde M RRO9LEL- S 0EH O
WIinaow » | | |
B i
>> a=0; b=2.5; 42} / **%*
>> h=0.05; yini=3; | M
>> [x,y]=odeRK4(@ODEFxy,a,b,h,yini); o ; K’&k
Solusion Exacta s [/
>> xp=a:0.1:b; /
>>yp=70/9*exp(-0.3*xp)-43/9*exp(-1.2*xp); oL ¢
>>p|0t(X,y, '*rl ,Xp,yp) 347 *
¥
32?
3;



Problem

An inductor L = 15 H and a resistor R = 1000 ohms are
connected in series with an AC power source providing
voltage of V = 10sin(2nvt) Vots, where v= 100 kHz, as
shown In the figure. The current I(t) in the circuit Is
determined from the solution of the equation:

1(?)

dl _ 10sin(2nvt) R,

dt L L VG) L

R
Solve the equation and plot the current as a function of

time for 0 <=t<=1 x 10-* s with 1(0) = 0. Using h=10"7s.



